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ODEs with constant coe�cients

De�nition

An ordinary di�erential equation

anx
(n) + an−1x

(n−1) + an−2x
(n−2) + . . .+ a1x

′ + a0x = f ,

with coe�cients an, an−1, . . . , a1, a0 independent of t is called
an ODE with constant coe�cients.
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Example

y ′′′ + y ′′ = x

is an ODE with constant coe�cients.

Remark

The coe�cient f is in general a function, also in the case of an
ODE with constant coe�cients.
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Homogenous equation

Consider a homogenous linear di�erential equation of order n,
i.e., an equation of the form

anx
(n) + an−1x

(n−1) + an−2x
(n−2) + . . .+ a1x

′ + a0x = 0, (1)

where an, an−1, . . . , a1, a0 ∈ R.

It follows that if x = eλt is a
solution of this equation, then λ is a root of the polynomial

P(λ) = anλ
n + an−1λ

n−1 + an−2λ
n−2 + . . .+ a1λ+ a0.

We call P(λ) the characteristic polynomial of the
equation (1).
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Exercise

Prove the above statement.
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Homogenous equation

The polynomial P(λ) has n complex roots, from which a
fundamental system of (1) can be constructed.

Recall that,
since P(λ) has real coe�cients, if λ1 = α + βi ∈ C is a root
of P(λ), then so is its conjugate λ2 = λ1 = α− βi ∈ C.
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Homogenous equation

Suppose that λ is a root of P(λ).

1 If λ ∈ R is a simple root, then

x0(t) = eλt

is a solution of (1).

2 If λ ∈ R is a root of multiplicity k , then

x0(t) = eλt , x1(t) = teλt , . . . , xk−1(t) = tk−1eλt

are solutions of (1).
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3 If λ = α + βi ∈ C is a simple root, then

x0(t) = eαt sin βt, x1(t) = eαt cos βt

are solutions of (1).

4 If λ = α + βi ∈ C is a root of multiplicity k , then

x0(t) = eαt sin βt, x1(t) = eαt cos βt,
x2(t) = teαt sin βt, x3(t) = teαt cos βt, ,

...
...

x2k−2(t) = tk−1eαt sin βt, x2k−1(t) = tk−1eαt cos βt,

are solutions of (1).
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Theorem

If λ1, λ2, . . . , λn are the roots of P(λ), then the corresponding

functions x1, x2, . . . , xn de�ned as above form a fundamental

system of (1).

In particular, the general solution of (1) is given by

x(t) = C1x1(t) + C2x2(t) + . . .+ Cnxn(t),

where C1,C2, . . . ,Cn ∈ R.
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Inhomogeneous equation

Consider an inhomogeneous linear di�erential equation of
order n, i.e. an equation of the form

anx
(n)+an−1x

(n−1)+an−2x
(n−2)+ . . .+a1x

′+a0x = f (t), (2)

where an, an−1, . . . , a1, a0 ∈ R and f is a function.
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Inhomogeneous equation

It is known that the general solution of this equation is of
the form

x = xh + xp,

where xh is the general solution of the corresponding
homogenous equation

anx
(n) + an−1x

(n−1) + an−2x
(n−2) + . . .+ a1x

′ + a0x = 0 (3)

and xp is a solution of (2), called a particular solution.
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Inhomogeneous equation

We �nd xh as in the previous section.

If f has a simple form,
we can often guess the form of xp.
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Inhomogeneous equation

The table below should be read as follows: If f (t) has a form
as in the left column, then the particular solution xp(t) has a
form given in the right column.

The constants in the formula
of xp(t) can be determined by substituting the solution xp(t)
to the equation (2).
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Inhomogeneous equation

f (t) xp(t)

polynomial pn of order n qn(t) � polynomial fo order n
P(0) 6= 0

polynomial pm of order m tk · qn(t)
0 is a k-fold root of P(λ)

keγt , P(γ) 6= 0 Ceγt

keγt Ctkeγt

γ is a k-fold root of P(λ)

a cosωt + b sinωt A cosωt + B sinωt
P(±ωi) 6= 0

a cosωt + b sinωt Atk cosωt + Btk sinωt
±ωi a k-fold root of P

P � characteristic polynomial
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Inhomogeneous equation

If xp given by the table is a solution of the homogenous
equation (3), then it obviously cannot be a solution of the
inhomogeneous equation (2).

In order to �nd a particular
solution of the inhomogeneous equation in such case, we
modify xp by multiplying it by tk , where k is the smallest
number such that tkxp is not a solution of (3).
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Inhomogeneous equation

If f (t) is a sum of elements from the left column, the
particular solution xp is the sum of the corresponding elements
from the right column.
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