ODE
L ODEs with constant coefficients

Definition

An ordinary differential equation
anx(™ + 2, 1 x0T 4 a, ox("2) 44 oaix + agx =

with coefficients a,,, a,_1,..., a1, ag independent of t is called
an ODE with constant coefficients.
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Remark

The coefficient f is in general a function, also in the case of an
ODE with constant coefficients.
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Consider a homogenous linear differential equation of order n,
i.e., an equation of the form

anx™ a1 xY pa, ox(D 4 4ax +ax =0, (1)

where a,,a,_1,...,a1,a € R.
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Consider a homogenous linear differential equation of order n,
i.e., an equation of the form

anx™ a1 xY pa, ox(D 4 4ax +ax =0, (1)

where a,,a,_1,...,a1,a € R. It follows that if x = e’ is a

solution of this equation, then X is a root of the polynomial

'D()‘) = ap,\" + anfl)\ni1 + anfz)\n72 + ...+ aA+ a.
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Consider a homogenous linear differential equation of order n,
i.e., an equation of the form

anx™ a1 xY pa, ox(D 4 4ax +ax =0, (1)

where a,,a,_1,...,a1,a € R. It follows that if x = e’ is a

solution of this equation, then X is a root of the polynomial
'D()‘) = an)‘n + anfl)\ni1 + anfz)\n72 + ...+ al)\ + ap.

We call P()) the characteristic polynomial of the
equation (1).
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Exercise

Prove the above statement.



ODE
L ODEs with constant coefficients

L Homogenous equation

The polynomial P(\) has n complex roots, from which a
fundamental system of (1) can be constructed.
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The polynomial P(\) has n complex roots, from which a
fundamental system of (1) can be constructed. Recall that,
since P()) has real coefficients, if \; = a+ i € C is a root
of P(\), then so is its conjugate Ay = A\; = o — 3i € C.
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Suppose that A is a root of P(\).
If A € R is a simple root, then

Xo(t) = e”

is a solution of (1).
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Suppose that A is a root of P(\).
If A € R is a simple root, then

Xo(t) = e”

is a solution of (1).
If A € R is a root of multiplicity k, then

xo(t) = e, x(t) = te™, ..., xe_1(t) = tFteM

are solutions of (1).



ODE
L ODEs with constant coefficients

L Homogenous equation

If \=a+ i € Cis asimple root, then
xo(t) = e* sin ft, x(t) = e cos St

are solutions of (1).
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If \=a+ i € Cis asimple root, then
xo(t) = e* sin ft, x(t) = e cos St

are solutions of (1).
If A\=a+ pi € Cis a root of multiplicity k, then

xo(t) = e*sinft, x1(t) = e*cosft,
x(t) = te“sinft, x3(t) = te“t cosft,,
xok_o(t) = th7le?tsinft, xp_1(t) = tFle®t cosft,

are solutions of (1).
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Theorem

If X1, Xa,..., \, are the roots of P()), then the corresponding

functions x1, o, . .., X, defined as above form a fundamental
system of (1).
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Theorem

If X1, Xa,..., \, are the roots of P()), then the corresponding
functions x1, o, . .., X, defined as above form a fundamental
system of (1).

In particular, the general solution of (1) is given by
x(t) = Gx(t) + Gxa(t) + ... + Coxa(t),

where G, G, ..., C, € R.
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Consider an inhomogeneous linear differential equation of
order n, i.e. an equation of the form

apx(" 2, x4 2, ox(D) L ey X+ agx = £(t), (2)

where a,,a,_1,...,a1,a € R and f is a function.
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It is known that the general solution of this equation is of

the form
X = Xp + Xp,

where x;, is the general solution of the corresponding
homogenous equation

anx(" + 2, x4 2, x4 4 ax +agx =0 (3)

and x, is a solution of (2), called a particular solution.
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We find x;, as in the previous section.



ODE
L ODEs with constant coefficients

L Inhomogeneous equation

We find x, as in the previous section. If f has a simple form,
we can often guess the form of x,.
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The table below should be read as follows: If f(t) has a form
as in the left column, then the particular solution x,(t) has a
form given in the right column.
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The table below should be read as follows: If f(t) has a form
as in the left column, then the particular solution x,(t) has a
form given in the right column. The constants in the formula
of x,(t) can be determined by substituting the solution x,(t)

to the equation (2).
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|

f(t) |

Xp(t)

|

polynomial p, of order n

P(0) # 0

gn(t) — polynomial fo order n

polynomial p,, of order m th . q,(t)
0 is a k-fold root of P(\)
ke, P(v) #0 Cet
ket Ctkert

v is a k-fold root of P(\)

acoswt + bsinwt
P(£wi) #0

Acoswt 4+ Bsinwt

acoswt + bsinwt
+wi a k-fold root of P

Atk coswt + Bt¥sinwt

P — characteristic polynomial
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If x, given by the table is a solution of the homogenous
equation (3), then it obviously cannot be a solution of the
inhomogeneous equation (2).
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If x, given by the table is a solution of the homogenous
equation (3), then it obviously cannot be a solution of the
inhomogeneous equation (2). In order to find a particular
solution of the inhomogeneous equation in such case, we
modify x, by multiplying it by t*, where k is the smallest
number such that t¥x, is not a solution of (3).
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If £(t) is a sum of elements from the left column, the
particular solution x, is the sum of the corresponding elements
from the right column.
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